Starting from the Hamilton-Jacobi equation describing a classical ensemble, one may infer a quantum dynamics using the principle of maximum uncertainty. It is shown here that when the uncertainty measure is required to satisfy certain physically motivated conditions, then the solution is essentially unique and it leads to the usual linear quantum mechanics. While relaxing any of the conditions gives rise to a nonlinear Schrodinger equation, only the requirement of spacetime symmetry may be abandoned without causing a drastic change in the interpretation of the deformed quantum theory. Thus a precise link is established between Lorentz symmetry and the linearity of quantum mechanics, as the potential violation of both is determined, in this information theoretic approach, by the same parameter. These results refine and generalise those obtained previously.
Deconstructing the Schrodinger equation
Despite its remarkable quantitative success, quantum mechanics continues to puzzle us with its seemingly counter-intuitive predictions. Even the mathematical formalism most widely used for its description appears very different from that used in classical mechanics: one sees in quantum mechanics the appearance of complex numbers, probability amplitudes and an apparently exact linear evolution equation.
In this paper the structure of Schrodinger equation, in particular its linearity, will be re-examined within an information theoretic framework, extending a previous study in Ref. [1] . Consider therefore the Schrodinger equation for N particles in d + 1 dimensions,
where i, j = 1, 2, ......, dN and the metric is defined as g ij = δ ij /m (i) with the symbol (i) defined as the smallest integer ≥ i/d. That is, i = 1, ...d, refer to the coordinates of the first particle of mass m 1 , i = d + 1, .....2d, to those of the second particle of mass m 2 and so on. The overdot refers to a partial time derivative and the summation convention is used unless otherwise stated. Cartesian coordinates have been chosen as these allow an unambiguous correspondence between observables such as momenta and their operator representation [2] . The metric g ij occurs naturally in the description of the system in configuration space [3, 4] and plays a crucial role in the discussion below. It is pertinent to note that the metric g ij is diagonal and positive-definite. This is a consequence of the form of the kinetic term in the Schrodinger equation in Cartesian coordinates.
Since our intuition is mostly classical, it is useful to rewrite the Schrodinger equation in a form which allows comparison with Newtonian physics. The Madelung transformation [5] 
√ p e iS/h decomposes the Schrodinger equation into two real equations,
The first equation is a generalisation of the usual Hamilton-Jacobi equation, the term with explicith dependence (the "quantum potential" [2] ) sum-marising the peculiar and nonlocal aspects of quantum theory. The second equation is a continuity equation expressing the conservation of probability, p(x, t)dx N d . Equations (2, 3) may be obtained from a variational principle [4] , one minimises the action
with respect to the variables p and S. The quantity
is essentially the "Fisher information" [6] , whose inverse sets a lower bound on the variance of the probability distribition p(x) through the Cramer-Rao inequality [7, 4] . Since a broader probability distribution p(x) represents a greater uncertainty in x, the Fisher information is actually an inverse uncertainty measure. The equations (4, 5) were used in Ref. [4, 8] to derive Schrodinger's equation through a procedure analogous to the principle of maximum entropy (uncertainty) [9, 10] used in statistical inferrence theory. The idea is that without the term I F , variation of Eq.(4) gives rise to equations describing a classical ensemble. As the probability distribution p(x) characterising the ensemble is supposed to represent some fluctuations of unknown origin, we would like to be as unbiased as possible in its choice. This is achieved by choosing the broadest distribtion possible, representing our maximum uncertainty. Technically, this is implemented in (4) by minimising the Fisher information when varying the classical action:h 2 /8 is the Lagrange multiplier.
Constructing the Measure
However, the interesting approach of Ref. [4] does not explain, a priori, the form of the information measure that should be used. That is, why must the Fisher information (5) be minimised rather than something else?
The goal of this section is to construct, from first principles, information measures that are permissible. To fix the notation, consider therefore the same classical ensemble as in Sec. (1), but now constrained by a general information measure I. The relevant action is,
with λ a Lagrange multiplier. Varying this action will give rise, in general, to a nonlinear Schrodinger equation after an inverse Madelung transformation,
with F representing the nonlinearity.
As the usual linear quantum mechanics has been experimentally well tested, one would like to consider deformations of the linear theory that permit as much of the usual interpretations of the wave-function as possible. Thus we are interested in an information measure which satisfies the following conditions:
• [S1] (i) Firstly, by definition, the measure I should be a real-valued and positive definite functional for all p = ψ † ψ. (ii) Also, as discussed for the particular case of the Fisher information, the interpretation of I as an information (inverse uncertainty) measure requires that it should approach a minimum when p is uniformly distributed. (A minimum exists because by (i) I is positive definite).
• [S2] I should be of the form
where H is a function of the probability p(x, t) and and its spatial derivatives. This local form ensures the validity of the weak superposition principle in the equations of motion (7): states with negligible overlap will not influence each other strongly. (In principle one should allow I to depend on S also since that variable appears in the classical action too. This generalisation is discussed in the next section.)
• [S3] H should be invariant under scaling, H(λp) = H(p). This allows solutions of (7) to be (re)normalised and thus allow for the usual interpretation of states after a measurement process, as discussed in [11] .
• [S4] H should be separable for the case of two independent subsystems, for which the wavefunction factorises,
• 
The condition [S1] was not used in the above construction but it is obviously satisfied by the final result. Likewise although only rotational invariance was used, the full Gallilean invariance is satisfied by the Fisher measure. Furthermore, as shown in [12] , the action (4) increases for variations of p that keep S fixed, the increase being due to an increase in I F , so that the resulting solutions are not just an extremum but do indeed minimise the Fisher information.
The positivity condition in [S1] plays an important physical role beyond ensuring the existence of a minimum for I (state of maximum uncertainty). It also guarantees that the following energy functional is bounded from below for potentials V that are likewise bounded:
where the function H is defined in [S2]. This functional is conserved for stationary states and it also reduces to the average of the usual quantum mechanical hamiltonian for the case of the linear theory. These properties of the energy functional qualify it as the most natural to use for defining the energy of the system in the general nonlinear quantum theory. While there have been several axiomatic approaches to constructing quantum theory in the literature, the information theoretic approach with physically motivated constraints, as discussed above, allows one to study the relationship between plausible generalisations of quantum theory and the relaxation of various physical conditions, as we shall see in Sec.(4).
Extended measures which preserve linearity
Although the conditions [S1] − [S4] were motivated above by interpretations of the resulting quantum theory (7), they and the symmetry requirement [S5] are actually all already satisfied by the classical part of the action (6), so demanding them of the additional piece I can alternatively be seen as choosing a minimal deformation of the classical structure 3 . This "minimal deformation" assumption is also implicit in the choice of the metric g ij that appears in I: it is the same as the metric in the classical part of the action.
If one allows in the measure a metricḡ ij which is still diagonal but different from the classical metric g ij then a nonlinear Schrodinger equation apparently ensues. However the nonlinearity can be removed by a change of variables (a nonlinear gauge transformation) [13, 14] with the result that for a range of values of the Lagrange multiplier λ one actually recovers the usual linear Schrodinger equation. (This example highlights the point that a nonlinear Schrodinger equation cannot immediately, and in all generality, be declared pathological). However for the remaining values of λ one obtains after the change of variables [14] a linear diffusion equation. It will be assumed for the rest of this paper that the classical metric is used also in the information measure when symmetries are preserved.
Consider now allowing I and hence H to depend also on the phase factor S(x, t) in addition to the probability density p(x, t). By definition, the phase factors S 1 and S 2 for two independent systems are additive in the composite system, S = S 1 + S 2 . Separability, positivity and rotational invariance then restrict the S-dependent terms in H to be of the form g ij ∂ i S∂ j S. Thus the generalised measure is
where α is a positive constant. The second term in I Q does not vanish for a uniform distribution as required by the second part of the condition [S1].
Thus it appears that one should choose α = 0. However the "quantum measure" I Q is sufficiently interesting to deserve further study because, unlike the classical measure I F , it contains some information about the phase of the wavefunction. Now, if I Q is used in the variational action, the second term of I Q can be absorbed, after a scaling of the metric, by a similar term already existing in the classical part of the action (6) . The net result is therefore still a linear Schrodinger equation but with a mass,m (i) which is renormalised with respect to the original mass parameter m (i) in the classical theory. Empirically this renormalisation will have no consequence if all calculations, as usual, refer to the mass parameter appearing in the quantum theory.
Nonlinearities and Symmetry Breaking
Arguably, within the information theoretic framework, the only condition among the [S1] − [S5] that can be relaxed without causing a change in the usual physical interpretation of the wavefunction is [S5]. However, as only the rotational invariance part of [S5] was used explicitly to obtain the linear theory, one deduces that within the information theory context and with the other conditions fixed, it is rotational invariance which is responsible for the linearity of the Schrodinger equation.
Since one may write I = I F + (I − I F ) in (6) , and since I F is rotationally symmetric and also the unique measure responsible for the linear theory, one concludes that within the above-mentioned context, the breaking of rotational invariance 4 is a necessary and sufficient condition for a nonlinear Schrodinger equation.
If rotational invariance is broken in the non-relativistic nonlinear quantum theory, then Lorentz invariance should be broken in a relativistic version. Thus one concludes that the linearity of quantum theory is, within this information theoretic approach, intrinsically linked to Lorentz invariance.
The explicit form of the symmetry breaking nonlinear Schrodinger equation of course will depend on the relevant measure that is used. The simplest possibilty is to use information measures that are commonly adopted in statistical mechanics as this would provide a link with the maximum entropy method used in that field [9, 10] . Such measures were studied in [1] and they lead unavoidably to the appearance of a length scale L that quantifies the symmetry breaking. Possible phenomenological consequences of a nonlinear symmetry breaking quantum dynamics have also been discussed in [1] .
There have been several proposals of nonlinear Schrodinger equations in the literature, see for example [11, 13, 14, 15] and references therein. However those studies were not conducted within an information theoretic framework and so those equations often do not satisfy the equivalent of one or more of the conditions [S2] − [S4]. Or, when the nonlinear equations so constructed are local, homogeneous, separable and Gallilean invariant, yet they do not follow from a local variational action of the form (6) with a positive definite I. Thus there is no contradiction between the result of this paper, linking nonlinearity with symmetry breaking [1] , and other studies of nonlinear quantum theory.
Conclusion
If one adopts the philosophy that the laws of physics should be constructed so as to provide the most economical and unbiased representation of empirical facts, then the principle of maximum uncertainty [9, 10] is the natural avenue by which to investigate quantum theory [8, 4] and its possible generalisations. Within this context it has been established here, reinforcing the conclusion of [1] , that minimal nonlinear extensions of Schrodinger's equation are associated with the breaking of rotational invariance in the non-relativistic theory, and therefore with a breaking of Lorentz symmetry in general.
The investigation here differs from [1] in three crucial aspects. Firstly, the definition of what constitutes a suitable information measure has been made more precise. Secondly, the Fisher measure has been constructed from physical constraints rather than postulated, thus motivating the structure of the linear Schrodinger equation. Finally, the link between broken spacetime symmetries and nonlinearity has been established without the use of specific examples of symmetry breaking information measures.
So to the question "Why is quantum mechanics linear?", one may plausibly reply that it is because of Lorentz symmetry. As the current linear theory is quite accurate, the size of any future discovery of nonlinearity in the Schrodinger equation must be tiny: this smallness would be "natural", using the concept of [17] , because in the limit of vanishing nonlinearity one would obtain a realisation of the full Lorentz symmetry.
An open and interesting problem is to extend the constructive approach adopted in Sec.(2) to include spin [16] and relativistic effects [4] . This might involve further refinement of the conditions in Sec. (2) and likely result in the use of more general information measures such as I Q of eq. (9) .
